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1. INTRODUCTION
A more general form of the Newell-Whitehead-Segel system is as (1):

%Zﬁ%—kcv—i—kvp, x € [a,b], t€[0,T) (D
With an initial condition as (2):

v(x,0) = f(z) 2)
And the boundary conditions as (3):

v(a,t) = g1(t), v(b,t) = ga(t), t=0. 3)

Where c,k, and [ represent the real numbers, and p represents the integers of positive numbers.
Newell-Whitehead-Segel equations [[1], [2] described dynamic properties around the point of bifurcation of the
Reyleigh-Benard convective flow for the binary fluid mixtures. These equations are found throughout various
applications in science, including mathematical biological sciences, quantic mechanical sciences, and the
physics of plasma. Different approaches are being proposed for solving Newell Whitehead Segel equations:
laplace adomian decomposition approach, cubic B-spline collocation approach, finite difference scheme, He’s
variational iteration approach, and homotopy perturbation approach [3]-[6]. The problem with these traditional
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methods for solving equations is they can fail before achieving the best-approximated solutions, and they
are not promising in terms of accuracy. In the absence of discretization processes, artificial neural networks
(ANNGs) are alternatives.

ANN is extensively implemented for solving several problems in scientific computing [7]], [8].
ANN-based techniques have also been developed to address partial differential equations (PDEs). For instance,
Malek and Beidokhti [9] combined artificial neural networks with the Nelder-Mead simplex method to
obtain accurate numerical approximations of nonlinear PDEs. Furthermore, Sirignano and Spiliopoulos [10]
introduced the deep Galerkin method (DGM), a fully mesh-free neural network framework capable of
solving high-dimensional PDEs through stochastic training. Building on these advances, Nouna et al. [11]]
demonstrated the effectiveness of deep neural networks in approximating nonlinear equations such as the
Klein—Gordon and Sine-Gordon models, while Nouna et al. [12] extended these concepts to a broader
class of PDEs, confirming the robustness and versatility of ANN-based solvers for scientific computing.
In parallel, another neural-network-based strategy, the physics-informed neural network (PINN), was
introduced by Raissi ef al. [13], and further enhanced by Guo et al. [14]] through residual-based adaptive
refinement mechanisms.

ANNSs’ ability to solve problems in PDEs has certain benefits, such as differentiable and continuous
approximated solutions, strong interpolative features, and reduced memories. Further benefits of the ANN
include the ability to use automatically differentiating utilities, for example, PyTorch [[15] and TensorFlow
[L6], which allows the researchers to develop more straightforward approaches for solving the problems of
PDE [17]. In this research, we present a methodology to resolve the Newell-Whitehead-Segel models using
a model of ANN known as NeuroDiffEq, as the ANN approximator having trial approximate solution (TAS)
applied [[18].

The structure of this paper is as follows: in section 2, we provide the exact solutions to the
Newell-Whitehead-Segel models. Section 3 presents the NeuroDiffEq approach for solving these systems.
Numerical solutions for various Newell-Whitehead-Segel types using the NeuroDiffEq approach are introduced
and compared with their exact solutions in section 4. Finally, in section 5, we conclude our work.

2. EXACT SOLUTIONS
In this section, we describe some concepts in a unified approach [19]]-[21] to finding some analytical
solutions to by . To find the wave solutions, the transformation as in (4) is used:

v(z,t) =v(k), k=x —¢t 4)
In (T)), the result in (5) is obtained:
cv+kvP +ev +Bv =0 @)
d
with v/ = —U. In can be integrated if p = 2 or p = 3. Therefore, we restrict the search to the solutions of
K
(I in both cases.

2.1. First case
In the case of p = 2, the (5) would have a form as (6):

v+ kv 4ev + 60" =0 (6)
A unified approach states that the requisite solutions are expressed in the following terms as in (7):

v(k) = X" gD (k) (7)
Auxiliary feature ®(r) fulfills the following auxiliary equation as in (8):

' (k) = X1k D' (k) (8)

with ¢; and k; being the real constants determined at some later. The homogeneous equilibrium between v”/
and v2 in @ gives m = 2(n — 1),n > 1. The exact solutions of the waves for are found here when n = 2.
According to (7) and (8], we get (9) and (10):

v(k) = qo + (1 (k) + ¢2P*(k) )
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O (k) = ko + k1®(k) + ko ®? (k). (10)

By substituting (9) with in (6) and setting ®(k)’s coefficients equal to null, the solutions of the parameters
q; and k;, i = 0, 1, 2 have the following form as in (11):

3(k1 + \)?B _ 76k2(k1 +A)B 6k38

2% yq1 = L yq2 = — A ) (11)

e=5\3, c=6)3, \=/k? — dkok,.

By using in (9) and solving auxiliary equation provided from (I0), the solution to (IJ) is obtained as (12):

2
vi(z,t) = *S;f (1 — 2tanh (;\Iﬂ?) + tanh? (;\/9)) (12)

with kK = « — et and vq(z, t) is the exact solution.

qo = —

2.2. Second case
In the case of p = 3, the (5) would have a form as (13):

cv+kvd4+ev + 50" =0 (13)

Considering a homogeneous equilibrium between v” and 03 in , we obtain m = n — 1,n > 1. Likewise,
the exact solutions of the waves to (I)) are found when n = 2. According to (7) and (8), we get (14) and (15):

v(k) = qo + (1 P(k) (14)
O (k) = ko + k1®(k) + ks ®? (k). (15)

By substituting with in and setting ®(x)’s coefficients equal to null, the solutions of the
parameters ¢; and k; have the (16) form:

k1 4+ X)v— kav/—
g0 =" 1+¢£ S = L e =, o= 2, A=k — ko, >0, (16)
By using (I6) in (T4) and solving auxiliary equation provided from (I3), the solution to (I) is obtained as (17):
(e (5
vo(x,t) = ———=——|( 1+ tanh | =k 17

with k = & — et and va(z, t) is the exact solution.

3.  ARTIFICIAL NEURAL NETWORK SOLUTIONS
This section introduces the ANN architecture. Followed by the NeuroDiffEq method which uses the
ANN architecture. To approximate solutions for Newell Whitehead Segel equations.

3.1. The artificial neural network

ANN comprises I? + 1 layers, where 0 layer represents an input layer while IR layer represents an
output layer. 0 < r < R layers represent hidden layers. Activation functions inside hidden layers are any
activation function, like rectified linear units, hyperbolic tangents, and sigmoids. By default, we will use
sigmoid functions (see definition [3.1)) for hidden layers, which possess universal approximation capability
(see theorem [22]]. Every node of an ANN is biased, which includes output and not input nodes, while
connections between nodes in the following layers are presented as matrices of weights (see Figure|[I).
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(0)-layer (0) (r — 1)-hidden layer ~ (r)-hidden layer (R)-layer

Figure 1. ANN architecture

Let b}, represent a bias for neuron k at layer r. wy,; represent the weights from neuron [ at layer
r — 1 to neuron k at layer r. The r-layer activation function is denoted as ¢,.. For the output of neuron k
at layer 7, we denote it as y;,. The important quantity that is widely utilized is known as the weighted input,
defined as (18):

Ry, = Siwiyer—1(h] ) + b}, (18)

Where the summation is computed on every input of the neuron k inside the r-layer. Namely number of
neurons in (r — 1)-layer. Weighted entry can obviously be described as an output of the preceding layer
in the (19) way:

Ry, = Siwpy; T+ by (19)

Where output 3} ' = ¢,_1(h] ") represents the weighted input activation. Since we are working on ANNs,

we prefer the (I8) since this naturally describes the recursion of previous weighted inputs into the ANN. As a
definition, we have the (20):

eo(h) = yp =k (20)

End all recursion. If we remove subscripts, it is possible to write (18) as a convenient vector expression as (21):

hr _ Wr(pr_l(hril) + br — Wryrfl + br (21)

in which every component of the vectors h” and y" is given respectively by k), and y;, with an activation
function applied per component. The matrix elements W" can be given using W}, = wyj;. Using any of the
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above definitions, a feed-forward algorithm to calculate output y**, based on input z, can be given as (22):
h' = W'z + bt
h* = W2py(h') + b7
h* = Wop,(h?) + b°
: (22)
RR=L = WR=1pp , (hR=2) 4 pR-1
hR = WRpp_ 1 (hR1) + bR
o =y" = or(h").
The efficiency of output ¥ can be determined by the calculation of the loss function. Consequently, the last
step is to minimize the loss function with the stochastic gradient descent (SGD) optimizer. In addition, the
output 9 (x,t,0) of the ANN is the approximate of v(x,t) in the (I)-(3) where z and ¢ represent inputs, and ¢

represents the weights and biases of the adjustable parameters. Then we can easily express nth derivatives for
0(x, t, 0) via automatic differentiation (AD) (1)) as (23) and (24):

[ n R
%(x,t,eh 8%”%51“, n=1, (23)
o6 9" om(hP)
@(xvtﬁ) = ox™ ) n=12 24)

Definition 3.1.: a Sigmoid function [23]] can be defined as a function of mathematics that associates its input
with a value in the range of 0 to 1, which produces a curve in the shape of an S. However, a sigmoid function
is defined mathematically as (25):

1 e’

_ _ (25)
1+e™® e +1

p()

Where (z) represents a sigmoid function on input x.

Theorem 3.1.: assume that ¢ is bounded, strictly monotonic, and increasing. Consider {2 as an m-dimensional
compact sub-set by RM . The space of continuous real functions which are defined in 2 is denoted as C(£2).
So, for any given function h, h : 2 — R, some real ¢ > 0, and x € (2, then there exists a set of real values
Wk, b, by, and wy, so that we can define (26):

H(z) = Spwrp(Siwrixy + by) + by, (26)
As the approximate implementation for a function h, as depicted in (27):

|H(z) = h(z)| <e. 27)

3.2. The NeuroDiffEq approach
The NeuroDiffEq approach uses ANN to solve the Newell-Whitehead-Segel equations (I)-(3). This
approach differs in several aspects, including the generation of data points, the definition of boundary
conditions, and the choice of loss functions. Furthermore, to solve these equations with NeuroDiffEq, the
primary concept involves constructing the TAS, denoted as ¥(x, t; ) [18]. The NeuroDiffEq algorithm defines
in the following ways:
i) An (M x N)-grid point set E = (x,t), with x = (21, ..., xa1), t = (t1, ..., ty) within the [a,b] x [0,T]
domain, supplied by the ANNs. Any distribution you choose, such as uniform distribution and equal
spacing, can be used to generate points.

ii) Development of the TAS, a well-known function, is composed of input F and output ¢(z, t; 6). Moreover,
TAS is defined in the (28) form [24]:

o(x,t;0) = B(x) + G(z,t;0) (28)
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iif)

A(x) has been chosen to respect boundary conditions, and G(z,t;v) has been selected as zero for all
(x,t) at the boundary. This gives the TAS automatically satisfying boundary conditions, whatever the
output of the ANN. However, this method is also similar in concept to the trial function [25], although
the trial function takes a different form. It is also possible to modify the TAS for the initial conditions
@]}. Generally, solutions that are transformed have the (29) form [[18]:

(x,0;0) = v(z,0) + 2t(1 — z)(1 — t)0(x, t;0). (29)

The rial approximate solution has been implemented to minimize the (30) loss function:

L(0) = L1(0) + pLo(0). (30)
The first term of £ can be represented as (31):
o 820 2
N . _pl Y . P~ . _1.mD .
L1(0) 5 (z,t;0) 68332 (x,t;0) — co(z,t;0) — kvP(z,t;0) s (31)

Where (31)) represents an approximate solution to the equation itself, with E consisting of the finite points
in the equation’s domain, then the second term is defined as (32):

£5(0) = [0(2,0:0) = F(@)]] cpoy + [000,50) = 1 (O] repo.y + [0 1:0) = 02(8)] e o 1y B2)

L, satisfies both the initial and boundary conditions. A weighting coefficient called p indicates the
importance of both error components. This factor is arbitrarily determined in practice. A description of
the algorithm for this method is given in Algorithm [T}

Algorithm 1 NeuroDiffEq-Algorithm to solve the Newell-Whitehead-Segel equation

1 : Consistently generate 150 x 150 points E = {x,,, ¢, }12° within the [0, 1] domain.
2 : While iter < 0 iteration Do

3: For every (z,t) € E Do
4: To Calculate
~ ov 8@R(hR> 8219 aQ@R(hR)
— j— R - = - —_— = "
v = ({L‘7t,9) _QDR(h )7 ot ($7t’0) ot ’ 8932 (l’,t,g) 8.172
5: Construct the TAS that is satisfied by initial condition of [J]in the following way
0(x,0;0) = v(x,0) + 2t(l — 2)(1 — t)0(x, t; 0)
6: Calculate a loss function as follows:
L(0) = L1(0) + nL2(0),
While )
v 0%v
— | = .0) - 3~ -0) — 5 - 0) — kP .
‘Cl(e) ot (xrutn»g) 581‘2 (xrwtnae) CU(I‘n,tn,e) kv (xrutnve) ,
- 2 - 2 - 2
‘62(9) = [’U(l’n,o; 0) - f(xn)] + [U(avtn; 0) - gl(tn)] + [’U(b, tn; 9) - 92(%)] .
7 End For
8: Minimizing the loss, update weights and biases using the SGD-optimizer.
9 : End While
4. THE NUMERICAL RESULTS

Several types of Newell-Whitehead-Segel equations are used to demonstrate the performance of the

NeuroDiffEq approach. For all the numerical examples below, we implemented an ANN with five hidden
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layers, where the first layer has 20 neurons, the second has 30 neurons, the third has 40 neurons, the fourth
has 50 neurons, and the last has 60 neurons. The solutions approximated by the Neurodifeq approach
were compared with the exact solutions. The different results obtained are illustrated using various figures
and tables.

4.1. Problem1
When p = 2, then Newell-Whitehead-Segel’s equation is as (33)

o 9% 9
a—ﬁﬁﬁ—cv—i—kv, xz €[0,1], t€[0,1] (33)
with the initial condition as in (34):
2
v(z,0) = f’;f (1 - Qtanh(%) + tanh2()\2m)> (34)

the boundary conditions as in (35)

2
(0, 1) = f’;f (1 _ 2tanh(%(—at)) + tanhz(;(—at))>,
323 A A (35)
v(l,t) = — ok (1 - 2tanh(§(1 —at)) + tanh2(§(1 - at)))
and the exact solution as in (36):
2
Ver (T,t) = — 3;k6 <1 - 2tanh(%(az —at)) + tanhQ(%(ﬂc - at))) (36)

with ¢ = 6A28,a = 5A8,k = 0.5, 8 = 0.2, and A = 0.8 which represent real-valued constants, we evaluated
the effectiveness of the NeuroDiffEq approach in solving the second differential by (33). Figure [2]illustrates
the comparison between the exact solution and the approximate solution obtained using an ANN. The figure
presents both solutions: the curve on the right corresponds to the exact solution, while the curve on the left
represents the ANN-based approximation.

Exact Solution ANN Solution

-0.05 -0.05
008T 0.08T
010 2 -0.10 8
-0.12 -0.12
-0.15 -0.15
1.0 0
] E'B
0.0 : 0.0
0.8 0.4 o 0Z 50y ;
0.6 0.2 0.6 0.2
t 08,, 00 t 08,, 00

Figure 2. The exact and the ANN-solution of

We can observe that the two curves overlap almost perfectly, indicating that our deep learning-based
model is capable of accurately reproducing the behavior of the differential equation. This visual comparison
highlights the effectiveness of the ANN in solving the second differential equation. The approximate solution
aligns precisely with the exact one, confirming the model’s ability to capture the fundamental dynamics
of the problem.

Int J Artif Intell, Vol. 14, No. 6, December 2025: 5172-5182



Int J Artif Intell ISSN: 2252-8938 ) 5179

We also assessed the model’s performance using Table [T} which reports the loss values for different
numbers of network layers. As in the previous case, we observed that the loss decreases as the number
of hidden layers increases, thereby emphasizing the improved accuracy and robustness of the model with
increased architectural complexity.

Table 1. Values of the loss of (Iﬁl) at various layers numbers

Hidden layers 3-layers 4-layers 5-layers
Neurons 20[ 3040 20[30][40[50 20] 30] 40] 50] 60
Errors 1.9 x 1075 9.4 x 1076 9x 1076

4.2. Problem 2
When p = 3, then Newell-Whitehead-Segel’s equation is as (37):

ov 0% 3
E—B@—i—cv—i—k‘v, x € [0,1], t€]0,1] 37)
with the initial condition as in (38):
B A\x
= —nm/=( =1 ihind
v(z,0) A oF + tanh( 5 ) (38)
and the boundary conditions as in (39):
_ B A _ /2 A
v(0,t) = —A o 1+ tanh(z( at)) ), v(l,t)=—-A ok 1+ tanh(2(1 at)) (39)

with ¢ = 2028,k = 0.5, 3 = —0.2, and \ = 0.8 represent the real numbers and a = 3\ represents velocity.
The exact solution is as depicted in (40):

A
Veg (T, 1) = =\ S 1+ tanh(=(z — at)) |. (40)

2k 2
We have compared the exact solution with the approximate solution obtained using an ANN to
evaluate the effectiveness of our deep learning-based approach to solving the third differential (37).
Figure [3] illustrates this comparison using 3D visualizations. The figure on the left shows the exact solution,

while the figure on the right displays the approximate solution obtained using the ANN.

Exact Solution ANN Solution

0.35 0.35
030 030 T
= i
025 5 0255
0.20 0.20
1.0 0
8

0
B

0
0.4
2

i 0
X 0.8 0.0
Figure 3. The exact and the ANN-solution of

It can be seen that the two surfaces overlap closely, indicating that our deep learning-based model
is capable of accurately reproducing the behavior of the differential equation. This 3D visual comparison
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between the two solutions confirms the success of our method in solving the third differential equation. The
approximate solution aligns very well with the exact solution, demonstrating the model’s ability to capture the
essential features of the problem.

We also evaluated the effectiveness of our model using Table 2] which presents the loss values
for different numbers of network layers. As mentioned above, we observe that increasing the number of
layers leads to a decrease in loss. This result underlines the improved performance of the model with higher
architectural complexity.

Table 2. Values of the loss of ll at various layers numbers

Hidden layers 3-layers 4-layers 5-layers
Neurons 20[ 30[ 40 20[ 30] 40 50 20] 30] 40] 50] 60
Errors 1.8 x10~° 5x107° 3x10°°

5. CONCLUSION

In this article, we examined the general Newell-Whitehead-Segel equations both numerically and
analytically by applying the NeuroDiffEq and Unified approaches, respectively. The approximate solutions
obtained were compared with the exact analytical solutions, showing that the NeuroDiffEq approach provides
reliable and efficient approximations with minimal manual intervention. The results demonstrate a strong
agreement with the exact solutions, confirming that deep learning particularly ANNs is a promising tool for
solving differential equations, including both linear and nonlinear cases in applied sciences. However, this
study also presents some limitations. The accuracy and convergence of the neural network models can be
sensitive to hyperparameter choices and the selection of training data points. Furthermore, the computational
cost may increase significantly for complex or high-dimensional problems. Future research should explore
adaptive training techniques, automated hyperparameter optimization, and the application of these models to
more complex boundary conditions or irregular geometries. Integrating physics-informed architectures with
domain knowledge could also further improve both efficiency and generalization.
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